We propose an extended metric for a Schwarzschild Black-Hole (B-H) that describes a topological phase transition between the interior and the exterior of the B-H on a complex manifold. We employ the formalism of Relativistic Quantum Geometry described in [1] and [2] and we found discrete energy levels for a scalar field from a polynomial condition for Heun Confluent functions expanded around the Schwarzschild radius. From the solutions it is obtained that the uncertainty principle is valid for each energy level of space-time, in the form: E n r sh,n = /2. Temperature, entropy and the B-H mass are dependent on the number of states in the B-H, such that the Bekenstein-Hawking (BH) results are obtained in a limit case.
I. INTRODUCTION AND MOTIVATION
The Schwarzschild solution for a B-H is very important for conceptual discussion in general relativity, in particular regarding event horizons and space-time singularities. The known Schwarzschild metric is static and describes the exterior of a BH with mass M = G m [we shall consider units with c = 1], but without charge and angular moment. The outer solutions are well known and vastly studied. However, the inner solutions are still subject of discussion and interpretation. There are many different approaches to this solutions. The standard relativistic view is that of an empty space-time with a singularity at r = 0. Other theories argue that, like any other BH-like objets (for example a relativistic ultra compact star) has some mass distribution [3] .
It is standard in the literature, to use this metric by making a Wick rotation τ = i t in order to study the interior of the BH. Euclidean space-times are analytic continuations of Lorentzian ones. The complex rotation of the time coordinate to imaginary values yields many insights into the quantum nature of space and time. These methods are motivated by the formal similarity between the propagator for quantum mechanics, and the partition function in statistical mechanics. The results obtained by these methods agree in agreement with those obtained by completely different techniques, like for example the Hawking temperature and entropy of black holes ( [4] , [5] ). The corresponding space, called Euclidean black hole (EB-H), has interesting mathematical properties and important physical applications [6] . We can see that the near-horizon geometry for a EB-H factorizes into the product of a sphere of radius 2M and a τ −r structure, which looks like a plane parameterized in polar coordinates,
playing the role of the angular variable. If the periodicity of that variable is 2π, the geometry will be regular; otherwise it will exhibit a conical singularity [7] . The regular geometry for EB-H occurs when τ is periodic, with period 8πM . Identifying the periodicity with an inverse temperature, we are led to
This T BH matches the Bekenstein-Hawking (BH) temperature [8] of the B-H, which originally was calculated in a quite different way [4] . Given that result for the temperature, it is usual to define the thermodynamic entropy, as
where A = 4π(2M ) 2 is the area of the two-sphere over the horizon.
In this work we shall use an alternative description of space-time, where there is a topological phase-transition between the exterior/interior metrics, such that the (Euclidean/Hyperbolic) geometries are described by the metric tensor, rather than the coordinates. We propose the following metric to describe interior and exterior Schwarzschild B-H:
where f (r) = 1 − Black Hole. Because we are interested in studying the interior of the B-H, we shall consider the former case along with the rest of this paper.
II. BOUNDARY CONDITIONS IN THE MINIMUM ACTION PRINCIPLE AND BACK-REACTION EFFECTS
It is known that in the event that a manifold has a boundary ∂M, the action should be supplemented by a boundary term for the variational principle to be well-defined [9, 10] .
However, this is not the only manner to study this problem. As was recently demonstrated [1, 2] , there is another way to include the flux around a hypersurface that encloses a physical source without the inclusion of another term in the Einstein-Hilbert (EH) action
by making a constraint on the variation of the EH action: δS EH = 0:
where κ = 8πG/c 4 ,T αβ = 2 δL δg αβ −ĝ αβL is the stress tensor that describes matter andL is the Lagrangian density, andĜ αβ =R αβ − (1/2)ĝ αβR is the background Einstein tensor. The last term in (5) is very important because takes into account boundary conditions. When that quantity is zero, we obtain the well known Einstein's equations without cosmological constant. This element can be written as:
that crosses any 3D closed manifold defined on an arbitrary region of the background manifold, which is considered as Riemannian and is characterized by the Levi-Civita connections.
The flux that crosses the 3D-gaussian hypersurface, δΦ, is related to the cosmological constant and the variation of the scalar field: δσ:
In order to calculate δR αβ , we shall use the Palatini identity[11]
A very important fact is that the fields δW α are invariant under gauge-transformations
where δΦ satisfy δΦ = 0. Due to this fact, it is possible to define the Einstein's tensor trasformationḠ αβ = G αβ − Λg αβ , which preserves the action
In order to implement the formalism we must describe the variation of the connections with respect to the background manifold, which is a Riemannian one. We shall consider nometricity on the extended manifold. To extend the Riemann manifold we shall consider the
The last term is a geometrical displacement δΓ α βγ with respect to the background (Riemannian) manifold, described with the Levi-Civita connections. The particular case β = 1/3 guarantees the integrability of boundary terms in (6) . The condition of integrability expresses that we can assign univocally a norm to any vector in any point, so that it must be required thatĝ αβ δR αβ = ∇ α δW α . Of course, this is a particular case of (6) . In particular, the caseĝ αβ δR αβ = 0, gives us the standard Einstein's equations:Ĝ αβ + κT αβ = 0.
In this background must be fulfilled: ∆g αβ =ĝ αβ;γ dx γ = 0. However, on the extended manifold (10), we obtain
whereĝ αβ|γ denotes the covariant derivative on the extended manifold, onceĝ αβ;γ = 0.
Therefore, the variation of the Ricci tensor on the extended manifold will be
such that the variation of the scalar curvature is: (σ α σ α + σ), on which behaves as a functional. By defying the action
If we require that δW = 0 we obtain that σ is a free scalar field on the extended manifold: σ = 0. The scalar field σ describes the back reaction effects which leaves invariant the action:
and if we require that δS EH = 0, we obtain
where δσ = σ µ dx µ is an exact differential and V = √ −ĝ is the volume of the Riemannian manifold. The relativistic quantum algebra is given by [2] [σ(x),
for the Riemannian components of velocitiesÛ α .
III. BACK-REACTION IN THE INTERIOR OF B-H AND QUANTUM THER-MODYNAMICS
In order to describe the back-reaction effects in the interior of the B-H with line element (3), we must consider solutions of the equation σ = 0, for r < 2M , where the space-time is 4D Euclidean. The massless scalar field σ for the line element (3) and r < 2M is described by a superposition of modes σ klm (r, θ, φ) = R kl (r) T k (t) Y lm (θ, φ), where the functions Y lm (θ, φ)
are the usual spherical harmonics. In this case, the temporal and radial equations, after
where the radial equation can be expressed in terms of the confluent Heun
such that 0 < u < 1 and the parameters α n , β n , γ, δ n and η nl , are given by
Following [16] , we must impose the so called δ n and ∆ N +1 conditions, respectively
with n a positive integer. Provided the fulfilment of the above two δ-conditions, the confluent Heun solutions reduces to a polynomial of degree N [16] . The condition (20a) for H C (α n , β n , γ n , δ n , η nl , u) gives the following expression for the energy levels E n :
where r sch,n = 2M n and M n = M (n+1)
. The expression (21) is very important because it tells us that the uncertainly principle is fulfilled for each energy level. A similar result, but only for n = 0, was obtained in [17] . We can see that for this expression that the admissible energy-levels are inversely proportional to the Schwarzschild radius [18] . With these results, now the parameters of the Confluent Heun function are α n = (n + 1), β n = α n , γ n = 0,
Finally, we can write the complete solution for the field σ(t, r, θ, φ), as
where
such that the modes σ nlm (t, r, θ, φ), are:
with a radial local solution expanded around u = 0 2 :
In the figures (1), (2) and (3), we show different plots of the functions R nl , for n = 0, n = 2 and n = 5, respectively. Notice that in all the cases the state function is well behaved at 2 The confluent Heun functions H C (n + 1, n + 1, 0,
is a particular solution of the differential equation
where µ nl = (n + 1) 2 + l(l + 1) and ν nl = (n + 1) − l(l + 1). If we demand ν > 0 as like the rest of parameters from Heun equations, we obtain upper and lower bounds for l in function of n:
u = 0, but not at u = 1. This is because the solution we have founded is a local function which is valid only around u = 0.
If we suppose that exist a lower bound M p = G m p on the mass of EB-H, there is a condition for the possible values of n:
where N is the lower integer that verify
From a classical point of view, we calculate the difference in mass between two consecutive M n states, ∆M n :
The discrete values of M n allow us to also discretizate the area A n and entropy S n , according to (2) . We can determine the difference between two consecutive area states ∆A n > 0:
Furthermore, we can calculate the total contribution of the area, as the sum over the difference between consecutive nth-areas
that depends on the number of states: N . In the same way, we obtain the entropy of the B-H, from the sum over the difference between consecutive nth-entropies
In the figure (4) 
we obtain that 
In the figure (4) we have plotted 
IV. FINAL COMMENTS
We have proposed an analytical extension of the Schwarzschild metric that extends its domain to the interior of a massive B-H, in a such manner that exists a topological phase transition between the interior and the exterior of the B-H on a complex manifold. By using the Relativistic Quantum Geometry formalism, we have calculated the quantum structure of space-time in the interior of the B-H. Unfortunately, because the metric has a non-removable singularity at r = 0, it is not possible to obtain normalised solutions for σ. However, we have founded a local solution around r = 2M , as a finite polynomial superposition that describes the energy level of space-time. This is a very important result because we have verified that the uncertainly principle E n r sh,n = /2 is fulfilled on each energy level of the B-H. This provide us with the possibility to develop a quantum thermodynamic, where energy, mass, temperature and entropy are dependent with the number of states in the B-H.
An important fact is that the BH entropy is obtained in the limit case where the number of states tends to infinity, but the BH temperature is obtained for a B-H with an unique state, which is associated to the extreme level with a radius given by the Schwarzschild one: r sh,0 = 2 M 0 ≡ 2 M . However, in general the quantum temperature here obtained is in the range: T BH ≤ T N < 2 T BH , and must be considered as a latent temperature because the quantum coherence of the system. 
